Urban transportation with multiple roundabouts is facing significant challenges such as traffic congestion, gridlock and traffic accidents. In order to understand these behaviors, we propose a two-dimensional cellular automata (CA) model, where all streets are two-way, with one lane in each direction. To allow the turning movement, a roundabout is designed for each intersection where four roads meet. The distance between each pair of roundabouts is configured with the parameter K while the turning behavior of drivers is modeled by a parameter γ. To study the impact of these different parameters on the urban traffic, several traffic metrics are considered such as traffic flow, average velocity, accident probability and waiting time at the entrance of roundabout. Our simulation results show that the urban traffic is in free flow state when the vehicle's density is low enough. However, when the density exceeds a critical density ρ c , the urban traffic will be in gridlock state whenever γ is nonzero. In the case where γ = 0, the urban traffic presents a phase transition between free flow and congested state. Furthermore, detailed analysis of the traffic metrics shows that the model parameters (γ, K) have a significant effects on urban traffic dynamics.
Introduction
Traffic congestion has attracted the attention of many scientists because they are becoming one of the biggest problems found in urban environments. In order to understand traffic congestion phenomenon, scientists have carried out many studies based on different models and methods. The cellular automaton (CA) model developed by Nagel and Schreckenberg (NaSch) [1] is one of efficient models for traffic flow problems.
Traffic flow is governed by several factors, among them drivers' behavior (e.g., imperfect driving styles, slower cars and car accidents) which play an important role in the formation of traffic jams within the transportation system, especially when it is combined with the increase in car density (for a review, see [2, 3] ). Indeed, when the density of cars increases, a phase transition from free flow phase to congestion phase occurs. In free flow phase, cars move close to the speed limit, and an increase in density leads to an increase in traffic flow. However, the congested phase is characterized by a negative linear relationship between traffic flow and density. It has been shown that, in congested phase, the drivers' behavior has a major effect on the spatial distribution of vehicles relative to each other over the road [4, 5] .
The modern roundabout is a type of intersection with no traffic lights. It is a circular intersection with design features that offer benefits in terms of circulation safety, delays and capacity. It was first developed in the United Kingdom and now is widely used in most countries. Drivers approaching a roundabout must reduce their speeds and look for potential conflicts with vehicles already in the circle. Many technical reports stated that the average accident risk at roundabouts have found important reductions in crashes compared to other conventional crossroads or T-junction, with or without traffic signals [6] [7] [8] . However, car accidents inside roundabouts are one of the most frequent contributing factors to jam formation. Among the reasons for car accidents is the high velocity and the violation of some safety conditions related to priority rules. Despite the demonstrated safety benefits of roundabouts, some crashes still occur. An Institute study of crashes at 38 roundabouts in Maryland found that collisions occurred more frequently at entrances to roundabouts than within the circulatory roadway or at exits [9] . The researchers concluded that unsafe speeds were an important crash factor, since drivers may not have seen the roundabout in time to slow down sufficiently.
Several models have been proposed to study the characteristics of vehicular traffic flow at a roundabout.
The authors in [10] have investigated the characteristics of traffic at an isolated roundabout in the framework of cellular automata and car-following models. They show that overall delay is significantly affected by roundabout size. In [11] the authors proposes Multi-stream Minimum Acceptable Space (MMAS) Cellular Automata models to study unsignalised multi-lane (two-or three-lane) urban roundabouts. They found that traffic flow is influenced by the topology of the roundabout, turning rates and critical arrival rates. On the other hand, in [12] , the author proposed a cellular automaton model to analyse traffic flow around a traffic roundabout. Based on the observation of different transitions, including the transition between free-flowing and gridlock and bottleneck and gridlock, the author has identified that the gridlock can be taken as an extreme limit of bottleneck. Cellular automata models have been also used to study the probability of car accidents for various traffic scenarios [13] [14] [15] . The first CA model including dangerous situations (accident) have been proposed by Boccara et al [13] . In [14] , the author introduces the conditions for the occurrence of car accidents, based on the delayed reaction time of the successor car. The author discusses the effect of these conditions on the probability of traffic accidents. In [15] , the authors have studied the probability of entering/circulating car accidents to occur at single-lane roundabout when the incoming vehicles ignore the priority rules.
The urban traffic, where traffic lights are installed to regulate traffic flow at intersections, has been well studied. Here we can cite some basic references which show that the traffic undergoes a phase transition when the density of cars in the city is increased [16, 17] . To the best of our knowledge, no study has provided a model for urban traffic with roundabouts. In this paper, we introduce a two-dimensional CA model based on discrete events capable of simulating the traffic in urban with roundabouts. Fig. 1 gives an illustration of our proposed structure of urban environment. Our objective is to provide a study of the impact of turning movement and some geometric factor on urban traffic capacity with multiple roundabouts.
The rest of the paper is organized in the following way. We first describe our proposed model in section 2. In Section 3, we present the simulation results and the paper is concluded in Section 4. 
Model description
We consider a CA model described in the two-dimensional system with periodic boundary conditions.
The underlying structure is a L × L cell grid, where L is the system size. All streets are two-way, with one lane in each direction. The distance between each pair of roundabouts is configured with a parameter K (see Fig. 2 ).
Mobility model in urban streets
In accordance to the NaSch model, we modeled our urban streets as a set of cells where each cell can either be empty or occupied by exactly one vehicle (see Fig. 2 ). The length of a single cell is set to 7.5m. At each discrete time step t −→ t + 1, the system update is performed in parallel according to the following rules:
1. Acceleration outside roundabouts:
3. Randomization, braking: v n (t + 1) = min(v n (t) − 1, 0) with probability p. where v n (t) denotes the velocity of the vehicle. v max denotes the maximum velocity in urban streets. d n (t) denotes the gap (number of empty cells) between the vehicle n and its immediate predecessor or between the vehicle n and the last cell in the lane (cell that is right next to the roundabout).
Mobility model and car accident in roundabout
At each intersection between streets, we introduce a roundabout designed to allow drivers to change direction during their travel. Fig. 3 illustrates the type of roundabout considered in this paper. In addition, before entering the roundabout, each vehicle n is assigned a turning probability (p turn (n)), which allows driver to choose his preferred driving direction (see Fig. 4 ). Note that in real world, the turning probability of different drivers may be distinct. For the sake of simplicity, we assume that of all drivers have the same turning probability (p turn (n) = γ). The turning behavior of vehicles at roundabouts is implemented via algorithm (1). The majority of roundabouts were operated based on the offside priority rule, which implies that a vehicle V A approaching a roundabout (on the entry leg) is usually required to give way to the traffic already in the roundabout. Another priority rule contemplated here concerns another vehicle V A entering a roundabout and wishing to exit via the exit leg without using the circle of the roundabout. Let V B be a circulating vehicle in the roundabout that V A may encounter (see Fig. 5 ). Now, we define the set of gaps used to control the entering vehicle V A to roundabout based on offside priority rule. The gap gap if ( thenγ > rand(0, 1))
p=0.5 // to make a right turn or left turn with equal probability.
4:
if (p > rand(0, 1)) then
5:
the vehicle turn right, d 2 .
6:
the vehicle turn left, d 3 . line 6). In the other hand, it is believed that roundabouts are very important for the limitation of traffic jams, the reduction of accidents and contribute to slow down speeding cars [18] . Nevertheless, roundabouts suffer from the occurrence of car accidents when entering vehicles violate the priority rules. The violation of safety conditions is mainly related to inability to accurately estimate the available gap, a lack of attention concerning the offside priority rule or the long reaction time τ of driver. The conditions of the occurrence of these accidents are defined as shown in algorithm 3.
Algorithm 2 : Offside priority rule 
Performance Metrics
Model performance metrics are developed to assess our urban traffic system behavior. We monitor the impact of cars's density ρ and turning probability γ on traffic flow, accident probability and average waiting time. Similarly, we will investigate the impact of the urban geometric characteristics by varying the distance between roundabouts K, while keeping fixed the number of roundabouts N r in the urban city.
• Average velocity: we define the average velocity of vehicles as the sum velocities of all vehicles during the simulation time divided by time interval. The average velocity is then given as follows:
where T is the time interval and N is the number of vehicles.
• Traffic flow: we define the traffic flow as the car density ρ multiplied to average velocity. The traffic flow in the city is then given as follows:
• Accident probability: we define the accident probability as the total number of accidents (n ac )
committed by vehicles within the roundabout during the simulation time divided by the number of vehicles and the simulation time. The accident probability is then given as follows:
• Average waiting time: we define the waiting time as the time between the arrival time (t i arr ) of a vehicle i in the entry cell of a roundabout, and the moment of its departure (t i dep ) from this cell. Let N c be the number of vehicles that have left the entry cells. The waiting time is then given as follows:
Results and discussion
In this section, we present the simulation results for our indicators of system performance in order to investigate the relationship between the states of our transportation system and the model parameters. The model parameters which have been considered in this work are given in Table 1 . In this paper, we are interested to the effect of the turning rate and the city structure on the capacity of urban traffic. The impact of the city size is provided by varying the distance K between roundabouts (Large cities correspond to high values of K). First, we will analyze the different traffic states present in the transportation system. With increasing the density, we find that the traffic flow increases almost linearly and then begins to decrease beyond certain value of the density. This critical density ρ c represents a transition between free flow and congested state.
As Fig. 6 shows, this congested state is unstable and it depends greatly on the simulation time. A detailed study of this behavior leads to the discovery that congested states change over time to gridlock state when γ = 0. In this case, the model presents a state transition from free low to gridlock at a critical car density ρ c . Fig. 7 shows a snapshot illustration of the two states present in the model when γ = 0.30. In free-flow state (Fig. 7a) vehicles move freely while in gridlock state (Fig. 7b) , vehicles pile up around some roundabouts, forming a single immobile cluster with zero mean velocity. However, on the other hand, for γ = 0, we observe from Fig. 8a ,c that the average velocity is stable with time and decreases when the density is diminished, thus showing the existence of the congested state. However, if γ = 0, the average velocity is stable with time for low values of the density; but as soon as this density exceeds ρ c the average velocity decreases with time and vanishes at t = t grid ; showing that the system has reached the gridlock state (Fig.   8b,d ).
On the basis of our simulations, we can see that the main cause of the gridlock is the conflict of circulation between vehicles who circulate in a roundabout and those who want to leave. In such situations, This leads to the propagation of a traffic jam wave towards other roads linked to this roundabout, and thus causing a global gridlock.
In order to determine the critical density ρ c , several simulations were carried out by examining the time evolution of the average velocity for different car densities. gridlock state, it appears that the gridlock occurs due to right-turning vehicles which may be trapped in loops when the car density exceeds a critical car ρ c . This means that a loop formation can occur when the car density becomes sufficient to form a loop of vehicles. This loop is governed by the rate of right-turning vehicles especially when they are located in the head of road segments and waiting to access the roundabout, but the destination lanes are not empty which leads to a local gridlock. This local gridlock can propagate toward other sides of the city causing a global gridlock. As the appearance of gridlock is mainly related to an increase in the rate of right-turning vehicles in the road segments (e.g., γ > 0) which lead to the formation the square loop.
However, when γ = 0, the gridlock can occur, but with a much lower probability as compared with the occurrence of the square loop formed by the right-turning vehicles, and therefore the transition between free flow and gridlock can take much long time. As the right-turning vehicles are absent, the gridlock can occur only due to an intersection between fully saturated road segments that lead to make obstacles in front of exiting vehicles from the circulating ring of roundabout. We limited our results to (γ = 0.3) because 10 the detection of gridlock can take much long time (e.g., several days and months). But, when the density increases enough, it's passible to have a gridlock quickly as illustrated in (see Fig. 7c ) for (ρ = 0.3). Indeed, we found that the critical car density can be given as follows:
Moreover, since critical densities are found to be in the range of about 0.160 to 0.190, we limit our simulations and analysis up to the density 0.160.
We begin our investigation by examining the impact of the turning rate on our traffic system. Fig. 10 shows the characteristics of traffic flow, average velocity, car accident and waiting time as a function of the density for different values of the turning probability γ. As plotted on Fig. 10a , the traffic flow versus the density reproduces the free flow state observed in real traffic flow, regardless of the value of γ. In this state, the traffic flow increases almost linearly with ρ because almost all the vehicles move with their maximum speed v = v f ree , due to the availability of large headways occurring in the traffic stream.
Furthermore, it is shown that γ has no visible effect on the traffic flow and the average velocity for low car densities. As the car density increases (ρ > 0.1), turning movement starts to have an effect on the transportation system. It is shown that both traffic flow and average velocity increase with increasing γ, in accordance with the results of the model considered in [16] . This can be explained by the fact that under high values of γ, the number of right turning movements is higher, and so several exit possibilities will be available for rotating vehicles. These exiting vehicles create opportunities for other entering vehicles, and therefore new gaps will be created inside roundabouts. Fig. 10c shows the car accident probability for different values of γ, as a function of car density. In this paper, we study the causes of car accidents at roundabouts, without taking into account their impacts on the traffic flow. This means that the car accident does not really happen, but only that we monitor the car accident probability without affecting the traffic flow. We observe that unlike accidents in highways, which usually do not occur until the cars density exceeds some critical value [14] , accidents at roundabouts can exist even if the density is very low.
Indeed, at low densities, vehicles access roundabouts at a maximal speed and the probability to collide with other circulating vehicles will be considerable. Moreover, with increasing the density, the car accident rate increases until it reaches a maximum, and then decreases with further density. It can be observed that, the higher the turning rate, the more frequent the accidents at roundabouts. Indeed, with higher values of γ, the traffic system creates more opportunities for entering vehicles and, as a result, these vehicles access the roundabouts with relatively high speeds, which increases the risk of collisions with rotating vehicles. On the other hand, for a given value γ, the waiting time increases as the density increases due to the excessive number of vehicles at roundabouts (see Fig. 10d ). Moreover, at fixed density, the waiting time decreases with increasing γ. Once again, this is the result of the fluidity of traffic caused by the increase of γ.
In order to get a better understanding of the effect of urban network structure on the traffic dynamics, the plots of traffic flow, car accident probability, average velocity and waiting time against the density for varying values of K are shown in Fig. 11 . Note that, when we vary K, the number of roundabouts present in the urban structure remains fixed. Fig. 11a,b show that, as the distance between roundabouts K decreases, the traffic flow and the average velocity decrease significantly. This can be explained by the fact that in the case of low values of K (small cities), vehicles are able to reach the roundabouts quickly and therefore they are forced to either slow down or stop to avoid collisions with other circulating vehicles. This affects significantly the traffic flow and imposes a speed reduction of the vehicles every time they want to access the roundabouts (see Fig. 11b ). From the obtained curves of Fig. 11c , it is clear that, at fixed car density, the high rate of car accidents corresponds to low values of K. As mentioned before, the smaller the distance between two successive roundabouts, the more quickly vehicles reach the roundabouts. Therefore, during one simulation period, the frequency of violation of the safety conditions will become higher. Furthermore, for a given density, the waiting time increases with increasing K. In order to understand this phenomenon, it is necessary to remember that the number of roundabouts remains fixed when K is increased. Moreover, for a fixed density, the increase in K automatically leads to an increase in the number of vehicles (ρ = N/(4 * N r * K)). As a result, the traffic capacity of roundabouts is particularly limited if number of vehicles exceeds some limit. This will result in many stops in the entry legs and thus the average waiting time becomes more important.
Conclusion
Urban traffic with roundabouts has been studied based on a two dimensional CA model. Our results can be summarized as follows: 1. Urban traffic without turning behavior exhibits a transition from free flow to congested state as the density exceeds a critical density ρ c . 2. The principal cause to the appearance of gridlock is the turning movement of vehicles. 3. Flow, accidents and waiting time are influenced by the turning rate as well as by the geometry of the urban city: -A high turning rate can lead to an increase in the urban traffic capacity, but also it can be a factor that increases the risk of accident. -Urban traffic is significantly better in large cities than in small ones. On the other hand, we have shown that ρ c varies 14 very little when we vary the model parameters (0.160 < ρ c < 0.190). Then, it would be very interesting to implement intelligent strategies to increase ρ c . This idea is under study and will be considered in a future work.
